In nonlinear plasmonics, the switching threshold of optical bistability is limited by the weak nonlinear responses from the conventional Kerr dielectric media. Considering the giant nonlinear susceptibility of graphene, here we develop a nonlinear scattering model under the mean field approximation and study the bistable scattering in graphene-coated dielectric nanowires based on the semi-analytical solutions. We find that the switching intensities of bistable scattering can be smaller than 1MW/cm 2 at the working frequency. To further decrease the switching intensities, we show that the most important factor that restricts the bistable scattering is the relaxation time of graphene, rather than the chemical potential and the permittivity of the dielectric nanowire. Our work not only reveals some general characteristics of graphene-based bistable scattering, but also provides a guidance to further applications of optical bistability in the high speed all-optical signal processing.
I. INTRODUCTION
An optical device is said to be bistable if it has two stable output states under a same input state [1, 2] . The output can be switched between the two stable transmission states, depending upon the history of the input signal. Optical bistability is a nonlinear phenomenon and it has promising applications in all-optical switching [3] [4] [5] , all-optical logic gates [6] [7] [8] [9] , optical transistors [10] [11] [12] , and optical memory devices [13] [14] [15] [16] . To produce a large nonlinear effect and decrease the switching threshold of optical bistability, nonlinear media with high Kerr coefficients are used and sophisticated structures that can enhance the local field intensities are designed.
Plasmonics is a rapidly growing field which provides an efficient way to enhance the local electromagnetic fields at subwavelength scales [17, 18] . When nonlinear dielectric media are incorporated into the plasmonic structures, large nonlinear effects arise due to the enhanced local fields [19] . Various kinds of nonlinear plasmonic structures are designed to show the optical bistability [20] [21] [22] [23] [24] [25] [26] [27] . However, the commonly used conventional Kerr dielectric materials can only display very weak nonlinear responses, which restrict further applications of optical bistability in the high speed all-optical signal processing.
As a newly discovered two dimensional material, graphene shows intriguing nonlinear characteristics in plasmonics [28] . Compared with the conventional Kerr dielectric media, graphene has a giant nonlinear susceptibility [29] . The use of graphene along with the enhancement of local plasmonic fields can produce an extremely large nonlinear effect and consequently decrease the switching threshold of optical bistability. Recently, some graphene based plasmonic structures have been de- * Electronic address: hansomchen@zju.edu.cn signed theoretically or realized experimentally to study the optical bistability, e.g. sandwiched structures [30] [31] [32] , a modified Kretschmann-Raether configuration [33] , an Otto configuration [34] , graphene nanoribbons [35] , and graphene nanobubbles [36] .
Compared with those sophisticated structures, graphene-coated dielectric nanowires and nanospheres are two kinds of simple structures that are more interested to investigate. Such graphene based cylindrical and spherical structures always demonstrate some typical optical phenomena and can be very useful in lots of applications, such as cloaking [37, 38] , superscattering [39] [40] [41] , linear and nonlinear waveguiding [42] [43] [44] [45] , localized plasmons [46] , and second harmonic generations [47] .
The analytical or semi-analytical solutions calculated from these simple models are not only useful to reveal some general characteristics, but also provide a guidance to further structure design and optimization [48] .
In this paper, as a demonstration purpose, we study the bistable scattering in graphene-coated dielectric nanowires. A nonlinear scattering model is developed based on the Mie scattering theory. Under the mean field approximation, this model is solved semi-analytically in both the lossless and lossy cases. At the working frequency, the switching-up and switching-down intensities of bistable scattering are smaller than 1MW/cm 2 . We show that the most important factor that restricts the further decrease of switching intensities is the relaxation time of graphene. Our work reveals some general characteristics of graphene-based bistable scattering, and provides a theoretical guidance to further structure design and optimization.
II. SURFACE CONDUCTIVITY OF GRAPHENE
The optical response of graphene is contributed by both the intraband and interband transitions. For a doped monolayer graphene, the intraband transition dominates in the classical frequency range ω ≤ µ c [28] . If the graphene monolayer is placed on the xy plane and a time-dependent electric field of the form
.] is applied, the surface electric current is
where
is the surface electric current in i direction in the frequency domain,
is the tensor element of the linear surface conductivity,
is the tensor element of the nonlinear surface conductivity, µ c is the chemical potential, τ is the relaxation time, i, j = x, y, and c.c. denotes the complex conjugate [30, 45] . If the applied electric field components satisfy E x E * y = E * x E y , the surface electric current in i direction in the frequency domain reduces to
is the surface conductivity of graphene,
is the linear part,
is the coefficient of the nonlinear part, and E =xE x + yE y is the electric field that is parallel to the graphene surface. The above calculation results are valid for ωτ 1 [45] , where the relaxation time of graphene τ which describes the dissipation loss usually ranges from 0.01 ps to 1 ps [28] .
d i e l e c t r i c n a n o w i r e g r a p h e n e k H E FIG. 1: Schematic of the infinitely long graphene-coated dielectric nanowire. A TM-polarized plane wave with the field components Hz, Er, and E θ is incident normally from air onto the structure. The relative permittivity and permeability of the dielectric nanowire are εr = 2.7 and µr = 1, respectively, and the radius of the nanowire is R = 200 nm.
III. NONLINEAR SCATTERING MODEL
As shown in Fig. 1 , a TM-polarized plane wave with the field components H z , E r , and E θ is incident normally from air onto an infinitely long graphene-coated dielectric nanowire. The incident magnetic field is H (t) = z H 0 e ik0x−iωt + c.c. /2, where k 0 is the wavenumber in free space, ω = 2πf is the angular frequency. The relative permittivity of the lossless dielectric nanowire is assumed as ε r = 2.7, and the relative permeability is µ r = 1. The radius of the dielectric nanowire is R = 200 nm.
Since the thickness of the graphene coating is extremely small compared with its radius, the graphene coating can be well characterized as a two dimensional homogenized conducting film, where the microscopic details are neglected [46] , as shown in Fig. 1 . For this structure, only the azimuthal component of the electric field E θ contributes to the nonlinear surface conductivity of graphene, and the surface electric current along the graphene coating is
and the values of σ From Mie scattering theory, the electromagnetic fields inside and outside the dielectric nanowire can be expressed explicitly [39, 49] . According to the boundary condition of the tangential electric field E θ at r = R, we have
where a n = δ n i n (δ n = 1 for n = 0 and δ n = 2 for n = 0), k = k 0 √ ε r is the wavenumber in the dielectric nanowire, s n is the scattering coefficient, and J n and H (1) n are the n-th order Bessel function of the first kind and Hankel function of the first kind, respectively. Then according to the another boundary condition from H z , we have
From this general boundary condition, we can see that scattering terms with different orders are coupled via the nonlinear surface conductivity of graphene. Since a scattering term with a given order contributes to the scattering terms with other orders, the total surface conductivity of graphene is inhomogeneous along the azimuthal direction.
In Eq. (9), the nonlinear part is usually small compared with the linear part. We can use the mean field approximation to simplify the nonlinear scattering model, where the field intensity at the circumference of the graphene coating is represented by the average value [23, 26] . From Eq. (12), we have
which simplifies to
Thus, under the mean field approximation, the surface conductivity of graphene is independent on the θ. But scattering terms with different orders are still coupled. If the radius of the dielectric nanowire is far smaller than the wavelength, the total scattering is dominated by the m = 1 term [39] (Supplement 1, Section 1). The surface conductivity of graphene reduces to
In this case, the surface conductivity of graphene only depends on the first order scattering term, and the other scattering terms are coupled with the first order scattering term via the surface conductivity. However, the nonlinear part of the surface conductivity is usually small compared with the linear part, and the contribution from the first order scattering term to the other terms are small. The total scattering can be simplified further by neglecting the weak coupling between the terms. For n = 1, Eq. (11) reduces to
where α = iσ
. This is the boundary condition for H z under the mean field approximation.
From the two boundary conditions shown by Eqs. (10) and (16), we obtain a cubic nonlinear equation for the first order scattering coefficient s 1 (Supplement 1, Section 2). In order to solve this equation, for simplicity, we can use the approximations of k 0 R 1 and kR 1 since the wavelengths are much larger than the radius of the dielectric nanowire. Using the asymptotic expansions of the Bessel function and Hankel function [50] , the nonlinear equation reduces to
11 s
where the coefficients are
Specially, if the nonlinear surface conductivity of graphene is neglected, namely in the limit of H 0 = 0, the scattering coefficient reduces to
After calculating the scattering coefficient, the normalized scattering cross section section (NSCS) can be evaluated as
where only the first order scattering term is considered.
IV. BISTABLE SCATTERING
In the following, we study the bistable scattering in graphene-coated dielectric nanowires based on the nonlinear scattering model. As an example, the chemical potential of graphene is chosen as µ c = 0.35 eV.
According to Eqs. (6)- (8), the surface conductivity of graphene has two parts, where the linear part is a complex number and the nonlinear part is a pure imaginary number. From Eqs. (18)- (23), only the two coefficients c (1) and c
1 are complex, while the other coefficients are all real. Thus, Eq. (17) is a nonlinear equation with complex coefficients and it only has complex solutions generally. Specially, if the relaxation time of graphene is infinite, namely if there is no dissipation loss, the linear surface conductivity in Eq. (7) only has the imaginary part and Eq. (17) has pure imaginary solutions.
A. Lossless Case
First we consider the lossless case, where the relaxation time of graphene is infinite. Since s 1 reduces to a pure imaginary number, we define s 1 = is 01 . Then Eq. (17) reduces to
1 s 01 + c 
the linear and nonlinear surface conductivities are
and I 0 = η 0 H 2 0 /2 is the incident field intensity. Specially, in the limit of I 0 = 0, the nonlinear equation reduces to the linear case, and the scattering coefficient is
The scattering coefficient in the linear case can be directly calculated from Eq. (33). Figs. 2(a)-(b) show the scattering coefficients and NSCSs at different frequencies, where I 0 = 0, µ c = 0.35 eV, and τ = ∞.
The NSCS exhibits the superscattering at f 0 = 12.63 THz, where (ε r + 1)
g,i η 0 , and the scattering coefficient shows a phase change of π at the superscattering frequency [39] . According to Fig. 2(b) , in order to enhance the local field intensity along the graphene coating in the nonlinear case, the working frequency for bistable scattering should be near to the superscattering frequency.
Eq. (26) can be solved analytically [50] , where only the real solutions are physically acceptable. When I 0 = 0, we define − c
11 c
then the three solutions can be written as
If ∆ > 0, A and B are both real numbers with A = B. The three solutions are
namely, only s 01,1 is the real solution, and s 01,2 and s 01,3 are conjugated complex solutions. If ∆ = 0, A and B are both real numbers with A = B. The three solutions are
namely the three solutions are all real and s 01,2 = s 01,3 . If ∆ < 0, A and B are conjugated complex numbers with A 1/3 = C + iD and B 1/3 = C − iD. The three solutions are
namely the three solutions are all real solutions. Thus, ∆ is the discriminant of the cubic nonlinear equation. According to Eq. (39), we have
where (49) is positive and the determinate ∆ may be positive or negative depending upon the value of I 0 . Thus Eq. (26) has three real solutions for
two different real solutions for
and only one real solution for I 0 = 0 and
According to the above discussion, the working frequency of bistable scattering should be smaller than the superscattering frequency (Supplement 1, Section 3). if the incident field intensity is smaller than a threshold, one incident field intensity corresponds to three scattering coefficients, where two coefficients are positive and one coefficient is negative. Specially, if I 0 increases to the threshold where ∆ = 0, the two positive scattering coefficients are equal. If I 0 continue increases, only the negative scattering coefficient still exists according to Eq. (52) .
The fulfillment of ∆ < 0 at a certain range of incident field intensity insures the existence of bistable scattering. As shown in Fig. 3(b) , the bistable behavior can be used as a scattering switch. The bottom green curve and the top blue curve are two stable scattering states, and the middle red curve is an instable scattering state. Due to the instability, usually the scattering cannot exist on this state. The top and bottom stable states can be treated as "on" and "off" states of a scattering switch, respectively. For I 0 = 0.2 MW/cm 2 , the scattered fields which corresponds to the "off" and "on" states are shown in Fig. 3(c)-(d) , respectively, where the fields in the dielectric nanowire are not shown. The scattering switch has a high contrast between the fields. According to the analytical results, there are two intensity thresholds to control the switch. The scattering changes from "off" to "on" at the switching-up intensity T on , and the scattering changes from "on" to "off" at the switching-down intensity T off . In this lossless nonlinear scattering model, T off = 0 and
The switching-up intensity T on is inversely dependent on the nonlinear surface conductivity of graphene, namely a low intensity threshold requires a large σ In Fig. 3(a) where τ = ∞, the solid red and blue curves extend to the positive and negative infinities, respectively. In contrast, the solid red and blue curves in Fig. 4(a) are connected to each other at a certain incident field intensity, and a loop is formed by the three curves. Meanwhile, due to the finite relaxation time of graphene, the real part of the scattering coefficient is nonzero, and it demonstrates a bistable behavior with a dip, as shown by the dashed curves in Fig. 4(a) .
Both the real and imaginary parts of the scattering coefficient contribute to the NSCS. Compared with the NSCS in Fig. 3(b) , the NSCS in Fig. 4(b) has larger switching-up and switching-down intensities. Specially, the switching-down intensity is no longer equal to zero and the difference between the switching intensities defined as ∆T = T on − T off is decreased. Similarly, we also plot the scattered fields which corresponds to the "off" and "on" states in Fig. 4(c)-(d) , respectively, where I 0 = 0.5 MW/cm 2 , and the fields in the dielectric nanowire are not shown. The contrast between the fields is decreased due to the finite relaxation time of graphene. This implies that, the relaxation time of graphene plays a significant role in the bistable scattering. Finally, we would like to note the validity our nonlinear scattering model. In Figs. 3-4 , the ratio between the nonlinear and linear parts of the surface conductivity of graphene is less than 1 × 10 −10 . This implies that the θ dependent nonlinear part only adds a small perturbation to the total surface conductivity and the field intensity along the graphene coating can be homogenized using the mean field approximation. Besides, in both the lossless and lossy cases, we use the approximations of k 0 R 1 and kR 1, where the Bessel function and Hankel function are replaced by their respective asymptotic expansions in the nonlinear scattering model. By comparing the NSCSs with and without these approximations, we show that this kind of approximations is also valid (Supplement 1, Section 4). Our nonlinear scattering model provides a simple way to understand the bistable scattering.
V. DISCUSSION
According to the discussion in the previous section, the bistable scattering strongly dependents on the relaxation time of graphene, which describes the dissipation loss. For τ = ∞, two branches of the imaginary part of s 1 extend to the positive infinity and negative infinity, respectively. If τ decreases, the two branches connect to each other when the incident field intensity I 0 = T off , as shown in Fig. 5(a) . A loop is formed by the three branches due to the existence of the switching-down intensity T off and the switching-up intensity T on . However, if τ continues to decrease, the loop shrinks gradually. When the relaxation time is small enough, the loop disappears and there is no bistable behavior.
The real part of the scattering coefficient is emerged due to the finite relaxation time of graphene. For τ = ∞, the real part of s 1 is always equal to zero. If τ decreases, two branches of the real part form a dip, as shown in Fig. 5(b) . The three branches are connected to each other, and exhibit a bistable behavior. However, if τ continues to decrease, the dip becomes smooth gradually. When the relaxation time is small enough, the dip almost disappears and there is no bistable behavior.
The simultaneous existences of the loop from the imaginary part and the dip from the real part of the scattering coefficient indicate the existence of the bistable scattering. As shown in Fig. 5(c) , for different relaxation times of graphene, the NSCSs show bistable scattering with different hysteresis curves. With the decreasing of τ , the switching-up and switching-down intensities both decrease, and the difference between the switching intensities also decreases. Meanwhile, the maximum NSCS at the curve decreases sharply. If τ continues to decrease, the bistable scattering disappears and the hysteresis curve becomes a smooth curve gradually. From Fig. 5 , we can see that, if the incident frequency is fixed, in order to show the bistable scattering, the relaxation time of graphene should be large enough. From one hand, if the relaxation time is small, we need large switching-up and switching-down intensities, and the bistable scattering requires a large switching threshold. From another hand, if the relaxation time of graphene is too small, there is no bistable scattering at all. Thus, the working frequency and the performance of bistable scattering are restricted by the dissipation loss of graphene.
In order to further explain this restriction, in Fig. 6 we show the bistable scatterings at f = 11.90 THz and f = 12.20 THz, respectively. At f = 11.90 THz, bistable scatterings are shown for all the three values of τ . While at f = 12.20 THz, bistable scattering is only shown for τ = 0.50 ps. In other words, at a low working frequency, bistable scattering occurs for a small relaxation time, and a large switching threshold is required. To decrease the switching threshold, the working frequency should be increased towards to the superscattering frequency. But if the working frequency is high, the bistable scattering is more sensitive to the relaxation time. To realize the bistable scattering at a high working frequency, the relaxation time of graphene must be large enough.
The chemical potential of graphene and the permittivity of the dielectric nanowire also affect the bistable scattering (Supplement 1, Section 5). According to Ref. [39] , the changes of the chemical potential and the permittivity are equivalent with the change of the superscattering frequency. And the shift of the superscattering frequency is equivalent with the reverse shift of the working frequency. The performance of bistable scattering is still restricted by the relaxation time of graphene.
VI. CONCLUSION
In conclusion, we have developed a nonlinear scattering model for a graphene-coated dielectric nanowire under the mean field approximation. The bistable scattering is discussed based on the semi-analytical solutions. We have found that the relaxation time of graphene is the main restriction to further decrease the switching threshold of bistable scattering, although the other parameters including the working frequency, the chemical potential of graphene, and the permittivity of the dielectric nanowire can be tuned freely. The development of grapheneboron nitride heterostructures that can support low-loss plasmons may shed new light on optical bistability in nonlinear graphene plasmonics [51, 52] . Our work provides a theoretical guidance to further structure design and optimization, and application of optical bistability in the high speed all-optical signal processing. 
